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Both the Picard group of a quasi-affine scheme and the class group of a 
normal domain may be described in a module theoretic setting as special 
cases of the so-called relative Picard group of a ring R associated to an 
idempotent kernel functor on R-mod, cf. [ 11, 121. The techniques expounded 
there may, at first sight, only be applied to essentially affine schemes. This 
paper aims to show that similar methods apply in a much more general 
context. Let us give some examples. It is well known that reflexive Modules 
(i.e, sheaves of modules ) over an integral normal scheme X are locally free 
sheaves of rank one over X(I), the subspace of points of codimension 1 of X. 
Moreover the class group of X is just the Picard group of X”). Another 
example is obtained by considering the local scheme at x E X for some 
scheme X; i.e., consider the scheme Spec(O,,,) canonically embedded in X. 
As a set this local scheme at x consists of all y E X such that x is in the 
closure of (y} in X. The general problem is the following: Given some 
subspace Y c X, for example, an open subspace or one of the above 
mentioned, classify the extensions of a quasi-coherent sheaf on Y with 
structure sheaf 0, ( Y to a quasi-coherent sheaf on X. This problem arises in 
the description of relative invariants with respect to Y: cf. [ 111. If Y is open 
in X and .+R is quasi-coherent on Y then i*.d is quasi-coherent on X, where 
i: Y + X is the canonical inclusion. If X is Noetherian (we will assume this 
throughout) then a result of A. Grothendieck states that any coherent sheaf 
on Y may be extended to a coherent sheaf on X (note that i,. ~7 is not 
necessarily *coherent itself). However, X”’ is not even a subscheme of X, so 
in the situations we want to deal with Grothendieck’s result cannot be 
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applied. The subspaces Y we consider will be geometrically stable 
(generically closed), i.e., J’ E Y and x E Y with 4’ E (3}, the closure of (x) in 
X, imply x E Y. The advantage of these spaces is that for a Noetherian ring 
the generically closed subsets of Spec(R) correspond bijectively to idem- 
potent kernel functors in R-mod. We develop this correspondence further in a 
general geometric context, and we derive results similar to the extension 
result of A. Grothendieck. Along the way we show how some results of 
Horrocks [ 5 1 and Treger [ 71 appear as applications of our constructions. 
1. GENERICALLY CLOSED SETS AND KERNEL FUNCTORS 
Let R be an arbitrary commutative Noetherian ring. We assume that the 
reader is familiar with localization theory, using idempotent kernel functors, 
as exposed in [2, 6, 8],... . 
If K is an idempotent kernel functor then Y(K) is its Gabriel filter, i.e., the 
set of ideals Z of R such that K(R/I) = R/Z. We write Spec(R) n P(K) = 
V(K), Spec(R) - V(K) = X(K). In other words, X(K) consists of the prime 
ideals P of R with K(R/P) = 0. Write @Y(K) for the set of ideals of R maximal 
with respect to the property of not being contained in P(K). Obviously F(K) 
consists of prime ideals and thus F(K) c X(K). We may view F(K) as the set 
of tops of X(K). It is clear that X(K) is generically closed and V(K) is stable 
under specialization. Conversely each partition (. Kc‘, ?’ ‘) of Spec(R) such that 
8’ is generically closed (hence 7 stable under specialization) is uniquely 
determined by some K such that .$‘- = X(K). 7 = V(K). Indeed, take K = 
infp,,(Kc, -p), where K,-, is given by 2 (K~-~) = (I ideal of R; Zd P) and 
where F is the set of maximal elements in .g’. These techniques, in a non- 
commutative setting, stem from [S]. 
I. 1. EXAMPLES. (a) Let P be an ideal of R and let y’(Z) be the filter 
generated by Z, i.e.. K E y(Z) if and only if I” c K for some positive integer 
n. Let K, be the associated kernel functor. Then one easily sees that 
K, = infpb,{KR-p t, i.e., X(K,) = X(Z), the open set of X = Spec(R) associated 
to I. 
(b) Assume R is a domain, not a field, and let X”‘(R) be the set of 
height one prime ideals of R. Write (T = inf pesr,,(~, mP}; this is an idempotent 
kernel functor on R-mod and we claim that F(a) = X”‘(R). Indeed if a 
prime ideal Q of R is not in 9(a), then Q c P for some P E X”‘(R), i.e., 
Q = 0 or Q E X”‘(R). Now g(a) = (01 means that R is a field, which we 
have excluded. This means that F(c) c X”‘(R). Conversely, if P E X”‘(R) 
then P & y(KR -P) while on the other hand any ideal Z properly containing P 
is in P(a), consequently P E F(a). 
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Let Q, be the localization functor corresponding to a K on R-mod. i.e.. 
Q,(M) = !h,e,,c, Hom,(l, M/K(M)) for any ME R-mod. If K = K~ ~~,, for 
some P E Spec(R) then we write Q, mP for Q,, ,,: clearly Q,--,,(M) is the 
classical localization of M at P. because Q,-,(M) s Q, JR) 13~ iZf, 
Similarly. for K = K, we write Q, instead of Q,,, In case I is principal. 
I= (J) say, then Q,r,(M) is just the localization of M at the multiplicative 
set ( l,A f ‘,... } generated by J: 
If ME R-mod then fi will be the canonical quasi-coherent sheaf over 
Spec(R) associated to M. For any open set X(Z) in the Zariski topology, we 
have that Q[(M) = f(X(I), Ic?). 
A subset Y of Spec(R) =X is a T.T-set (Torsion theoretic) if there is a K 
such that a prime ideal P is in X(K) if and only if P c Q for some Q E Y. We 
say that Y is generically stable if for all P E Spec(R) such that some Q in Z 
is in the Zariski closure of (PI. we have P E Y. More generally let X be an 
arbitrary scheme and Y c X, then Y is said to be generical!y stable if for all 
.Y E X with ~7 in the Zariski closure of {s) for some ~1 E Y, we have x E Y. 
We say that I’ is (loca/fy) a T.T.-set if for all open affine subsets Spec(R) of 
X (resp. for some covering by open afftnes Spec(R,) of X) the sets 
Y /7 Spec(Ri) are T.T.-sets. 
1.2. LEMMA. Let Y c Spec(R) Jor some Noetherian ring R: then the 
followling statements are equivalent: 
1. Y is generically stable; 
2. Y = X(K) for some idempotent kernel functor K on R-mod. 
Proof. Easy. 
For any Noetherian scheme X it follows that Y c X is generically stable if 
and only if for all aftine open sets Spec(R) c X we have that Y Cl Spec(R) = 
XR(~) for some K on R-mod. This also works for locally Noetherian schemes 
X by restricting attention to a covering by Noetherian afline spaces. We 
assume from hereon that all schemes considered are Noetherian. 
Any T.T.-set Y in X= Spec(R) is contained in a unique minimal 
generically stable subset Y of X. Indeed Y is just the intersection of all 
generically closed subsets of X containing Y. It is also clear that if Y is T.T.- 
set with respect to K then Y= X(K). The reader may easily phrase the 
generalization of this fact to arbitrary Noetherian schemes. 
1.3. LEMMA. Let Y, Y, ,..., Y, be subsets of X = Spec A. 
I. P= {PEX: there is a Q in Y such that PcQ}, 
2. If Y is open in X thetl Y = ?. 
3. Zf Y, c I; then P, c Ez. 
4. (n;: , Yi)- c n:., , Pj and (UT,, Yj)- = WY_ I Yj. 
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Proof. 1,2,3 are easy. 
4. Obviously (nJ=, Yj)^  c pj for all j, whence the first statement. 
That Ujn_, pj c (UJ’=, Yj}- is clear. On the other hand if P E (UT=, Yj)- 
then there exists a Q E (JJ=, Yj. say Q E Y,. such that P c Q. But then 
P E P, and this establishes the second statement. 
1.4. EXAMPLE. If M is a maximal ideal of R, put Y, = Spec(R) - (M}. 
Then “, = Y,. Put Y, = (M}, then p, = {P E Spec(R); PC M}. Now we 
have Y, n Y, = {P E Spec(R); P c M, P # M} and if M was not also a 
minimal prime ideal of R, it follows that P, = fz u! (Y, f7 Yz)^  = 0, showing 
that the inclusion in Lemma 1.3.4 may be strict. The example given also 
presents examples of T.T.-sets and even generically stable subsets of 
Spec(R), which are not necessarily Zariski-open subsets. 
Because, in any topological space, the intersection of generically stable 
sets is again generically stable one easily proves: 
1.5. PROPOSITION. If T is an arbitrary topological space, then the 
generica& stable sets of T define a topologJ9 bshich isJner than the original 
topologjv of T. 
1.6. Note. If X(K,) and X(K?) are generically closed subsets of 
X = Spec(R) then X(K,) CT X(K?) = X(K, V KJ, where ;C’(K, V K~) is the 
Gabriel filter generated by P(K,) U 2 (K:). 
The new topology defined on X by taking the generically closed sets for 
the open sets has some weird properties. For instance, Spec(R) is in general 
not compact for this topology, even if R is a Dedekind domain. Every closed 
set V is the union of its irreducible components, i.e., maximal irreducible 
(closed) subsets of V. The irreducible closed sets are of the form V(K~-~) for 
some P E Spec(R). One may give an example where V is an infinite union of 
irreducible components (actually it suffices to take R to be a noetherian 
domain with an infinite number of prime ideals of height 2 and to consider 
V(K,), where K, is associated to the minimal primes of R, i.e.. V(K,) = 
{P E Spec(R); ht(P) > 2)). Another bad property of that topology is that 
quasi-coherent sheaves behave badly. Indeed, if D is a Dedekind domain 
then associating PQDpp(D) to V(K,-,) if P # 0 and K to V(K~-,,) defines a 
quasi-coherent sheaf on Spec(D) with the new topology; however, this sheaf 
is certainly not determined by its global sections. 
2. EXTENDING QUASI-COHERENT SHEAVES 
Throughout R is a Noetherian domain, K an idempotent kernel functor in 
R-mod, and we write Y = X(K) c X = Spec(R). The structure sheaf over 
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Spec(R) is denoted by 0, and we write 0, 1 Y = 0,. Define Q,(V) for a 
generically stable V contained in Y as l&I(Z(U, 0,); U open in X, U I V). 
Obviously, 0, defines a presheaf over Y and: 
2.1. LEMMA. With notations as aboce we haae: 
f(Yv Qy) = QAY) = Q,(R). 
Proof. By definition Qy(Y) = U (Q#); Y cX(Z)}, (because R is 
domain, the I& becomes a union). Now Y c X(Z) if and only if P E X(K). 
implies Z&P. So if s E Q,(R) for such an Z not in any P of X(K), then 
Z”s c R with Z E Y(K) yields that s E Q,(R). Conversely if s E Q,(R) then 
Js c R for some J E Y(K). But then J & P for all P E X(K) and this implies 
Y c X(J) and therefore s E Q,,(Y). 
2.2. COROLLARY. Zf Y, = X(Z) f7 Y is open in Y then r(Y,, Qy) = 
Q,v.,W 
Proof. YJ is generically closed and Y, = X(K V K~). Replacing Y by Y, in 
Lemma 2.1 yields the result. 
2.3. LEMMA. rf R is a Noetherian domain then Q,(R) = n ( QR-p(R), 
PEX(K)}. 
Proof. Easy. See [8] for a non-commutative version. 
For the induced topology on Y (again called the Zariski topology of Y) 
every open set iS of the form X(K) for some K, because every open Set is of 
the form X(Z) n Y, i.e., associated to K V K, for some Z. Therefore we will 
now write Y(Z) for X(Z) n Y (but Y(Z) = Y(J) does not imply that rad(Z) = 
rad(J)). 
2.4. PROPOSITION. Zf Y(Z) is open in Y then: 
We 0,) = Q,(R) = n L(R), P E xWL with T=KVK,. 
Proof. Associating Q,(R) to Y(Z) =X(r) defines a sheaf (!), hence 
Qy = Or and the result follows from the foregoing lemmas. 
Recall that an R-module M is said to be K-closed if Q,(M) = M; cf. [2, 6] 
for more details. 
2.5. LEMMA. Let M and N be K-closed R-modules such that A? 1 X(K) = 
fll X(K) then M = N. 
ProoJ By assumption QRpP(M) = QR PP(N) for all P E X(K). Write 
E = ZZ(QRmP(M); P E X(K)}. The canonical map op: M + E is injective 
EXTENDINGCOHERENT SHEAVES 229 
because Ker v)~ is obviously contained in K(M) while K(M) = 0 because M is 
K-closed. Also w,~: N + E is injective, so we may view M and N as 
submodules of E. 
Pick an m E M-N in E, and consider the exact sequence: 
O+N-+N+Rm+T+O. 
If QRpp(T) = 0 for all P E X(K) then T is K-torsion and we have: m E 
Rm c Q,(Rm) c Q,(N + Rm) = Q,(N) = N, a contradiction. Therefore 
QR-P(Z’) # 0 for some P E X(K). For this P E X(K) we have that QR-JN) $ 
QdN) + Q,-,(R)fi- where r?i = j, -p(m). However, from QR -p(M) = 
QR -(N) we then derive a contradiction, so M = N follows. 
Let _X be a quasi-coherent sheaf on Y. It is obvious that this implies the 
existence of afftne open subsets U,,..., Ii, of X- Spec(R) such that 
Y c l.J y=, Ui such that for each Vi = Y n Ui there is an exact sequence: 
(*I 
for some index sets I and J depending on i. 
Put Vi = X(r,); then (*) induces an exact sequence: 
Qrj(R)“’ --t Qrj(R)‘J’ + Ni + 0 (**) 
where Ni = Coker(f) with f induced by p, taking sections over Vi. Write 
Mi = Q,i(N,). We intend to show that. X ] Vi = It?, / Vi. First a lemma: 
2.6. LEMMA. Let S be a multiplicative~~~ closed system in the Noetherian 
domain R and let K~ be the associated idempotent kernel finctor. Write 
T = K V K,. For any M E R-mod Ice have: 
Q,(S ‘M) = S - ‘Q,(M) = Q,(M). 
Proof: Easy. Since K~ is a T-functor, r > K~, the lemma is a special case 
of the (non-commutative) compatibility theorems given by F. Van Oystaeyen 
in [9]. 
2.7. PROPOSITION. With notations as before: 
n;i,l vi=,Af vi for every i. 
Proof. The canonical map Ni + Mi induces an isomorphism QR JNi) = 
Q, -P(Mi) for all P E Vi, hence 2, ( Vi = QTi(Ni)- ] Vi = fii ] Vi. Exactness of 
- yields that the exact sequence (* *) induces another exact sequence: 
(Q,i(R)-)'I' I vi + (QT,(R)')'J) I vi + pi I vi --t 0. t***j 
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Now it s&ices to note that (Qzi(R)‘-) 1 Vi = R 1 Vi = 0, 1 Vi and to compare 
(*) and (**). 
2.8. PROPOSITION. -I extends to iJ = ul=, Ui. 
Proof: It is not restrictive to assume that CJi = X(fi) for somefi E R, i.e., 
CJi 2 Spec(R,), where Ri = R,. We have to check that the fi, introduced 
above (but on Ui !) glue together well, i.e., ai 1 Iii f7 &Jj = aj ( Ui f7 Uj. Write 
U, = ULf? Uj, then U, = Spec(Rfifj). Since T(Ui, Mi) = Mi it is clear that 
f(U,, Mi) = Qfj(Mi). Clearly V, = U, n Y = X(K,~ V KIEV K) = X(K V ~,;f,) = 
X(r,), where rij denotes ~,~f, V K. We now have (Mi,f,) 1 Uij = (Mj,f,)- / U,, 
so it will suffice to establish that Mi,fj and Mj,fi are. rij-closed and then to 
apply the Lemma 2.5. But this follows immediately from Lemma 2.6. 
For any quasi-coherent sheaf J on a generically stable Y in X = Spec(R). 
we may find U open in Spec(R) such that Y c U and there exists a quasi- 
coherent sheaf L.f - on U, with L f - 1 Y = L/. If j: U -+ Spec(R) is the canonical 
inclusion, then the fact that U is noetherian entails that for any quasi- 
coherent sheaf P on U, j, 2 is quasi-coherent on X. Applying this to L I ., we 
obtain an ME R-mod such that j,. I -= $?, and therefore fi I Y =.H. If 
rp: Y + X is the canonical inclusion, we aim to establish that rp,. H is quasi- 
coherent on X. This will follow from: 
2.9. PROPOSITION. For anv quasi-coherent sheaf A on Y, i*.d is a 
quasi-coherent sheaf on II. 
Proof. Choose TE R-mod such that J = T;i Y and choose a resolution 
R (I) +o, R’f’ -+ T+ 0 for T. From this we obtain a resolution Oy’ + Ol;” + 
F-+ 0. hence an exact sequence: 
Write N = Coker Q,(q) = Coker (r(Y, w)) and put M = Q,(N). We claim 
that n? I U z i*&, thus finishing the proof. 
Let X(f) c U for some f E R. By definition: 
igLd(X(f))=r(YnX(f),M)=f(YnX(f),fi( Y), 
indeed, 
The canonical map (derived from sheatication) 
M/-1 lim r(W,fi)c=+T(YnX(f),fiI Y) 
R.3T-&fl 
FVopeninX 
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defines a sheafmorphism of 0, 1 U-Modules: 
8:&i u+i, /y (defined on a basis X(f) c CJ). 
First note that: 
lim 
IV :3).Tiy,f) 
I-(W.fG)= l&l 
I\r(L VK(.l c2(/) 
Q,(M) = Q,,.&O = 4 
where the latter equality follows from the fact that K~ is a T-functor, while M 
is K-closed; cf. Lemma 2.6. But then 0 induces isomorphisms: 
8, = (A? / U),, + (i*. &),, for each P E U because of the following facts: 
(a) (A? I U), = M, = QR-&W. 
(b) (i*. Op = hpEx,,-, W(f). i*. HI = !&pGX(fj M,= QR -AM)- 
Consequently 8 is globally an isomorphism. 
2.10. COROLLARY. 1. Let w: Y = X(K) -+ X = Spec R be the canonical 
inclusion and consider a quasicoherent sheaf. 4 on Y. Then (p*.X is quasi- 
coherent on X. 
2. If Y c X is a T.T.-set of the locally Noetherian integral scheme X 
and if. .4 is a quasi-coherent sheaf on Y, rhen i,..fl (where i: Y C. X) is a 
quasi-coherent sheaf on X. 
Proof 1. Obvious. 
2. The assertion is a local statement. so we may reduce it to the afftne 
case and apply 1. 
3. EXTENDING COHERENT SHEAVES 
Let X be a Noetherian integral scheme and let Y be a T.T.-set of X. Let 
i: Y -+ X be the canonical inclusion, and consider a coherent sheaf .,H on Y. 
In Section 2 we established that i,..M is a quasi-coherent sheaf on X. It 
follows from a result of [4] that i,M is the union of its coherent subsheaves 
L I,, i.e., (i*-X)( W) = IJacJ dra( IV) for all W open in X. In this section we 
proceed to show that -X extends to a coherent sheaf on X, by showing that 
H is the restriction of one of the -,+, to Y. Since X is Noetherian, it may be 
covered by a finite number of alline Noetherian subschemes Spec(Ri). For 
each Spec(R,) we look for an ui E A’ such that i,.~.ll Spec(Ri) = 
L lai / Spec(R,). Since ,E9 may be inductively ordered, choose a = sup{a,} and 
then i H will be induced by -,I:. In other words we have reduced the problem 
to the case where X is a Noetherian affme scheme, X= Spec(R) say. For 
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each P E Spec(R) we have an afftne neighbourhood V, of P and an exact 
sequence: 
O~II/,nY~O,"/V,nY-.~lV,nY-0. (*I 
A finite number of such sets VP may be used to cover Spec(R). Suppose that 
for each of these VP there is an aP E .&’ such that dj V,n Y = 
L Ii, 1 VP n Y. then taking CL = sup(u,} we obtain again that .d =:, Ii 1 Y. So 
we have now reduced the problem to the following. Let X= Spec(R), where 
R is a Noetherian domain, let Y = X(K) be generically closed in X, and let 
.& be a coherent sheaf on Y with an exact sequence: 
Let i: Y-t X be the canonical inclusion and let i*.~ 4 = U, I f i. where the L Ii 
are coherent sheaves on Spec(R). In this situation we have: 
3.1. PROPOSITION. ThereisanaE.dsuchthat.H=.f,1Y. 
Proof. Let U be an open Noetherian set containing Y (as in Section 2), 
say II = X(Z). The exact sequence (*) induces an exact sequence in Q,(R)- 
mod: 
Q,(R)” + Q,(R)” + N--t 0. (**) 
Since. for all P E Y. we have NP =.~$, i.e., QR -p(N) = &, it follows that 
8 I Y =. 4. Moreover, lc / II = U, (N, 1 U), where N, runs through the 
finitely generated R-submodules of N. 
Write N = xi=, Q,(R) i L’ and consider the canonical localization maps 
N +j, Q[(N) 4 Q,(N), writing j,(n,) = lli, i = l,..., s. Note that Q[(R) c Q,(R) 
since K > K, and R is a domain. Taking sections of $1 U we find that 
Q,(N)= U, Q,P,l S' mce there are only finitely many r*i. there is an c(,, 
such that: 
‘- Q,(R) L'i c Q,(Na,) c Q,(N). ,c, 
Since Ker(j,) is certainly K-torsion (K > K,) and since Q,(R)“/Q,(R)’ is K- 
torsion it follows that QI(N)/C’=, Qr(R) tli is K-torsion or 
Q,(N) = Q, ($, QAR) ci). 
Therefore Q,(N,,) = Q,(N) and the canonical inclusion Q,(N,J c-Q,(N) 
gives rise to an isomorphism (NO,)P 2 NP for all P E Y. Hence, -X = N \ Y = 
Q,(N)- I Y = Q,(N,)- I Y. The canonical map N, --t Q,(N,) yields a 
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morphism N, + Q,(iV,) which is an isomorphism at each P of Y, so 
fla 1 Y = Q,(N,)- 1 Y. Finally, M = $a 1 Y follows. 
Let R be a Noetherian domain and let Y be a T.T.-set in Spec(R) =X. 
Denote by Y the generically stable subspace of X associated to Y. As before 
we write 0, for 0, 1 Y and O,-. for 0, 1 I’ let Q(X) be the category of quasi- 
coherent sheaves on .Y. 
3.2. PROPOSITION. If j: Y-t f is the canonical inclusion then j*: 
Q(p) --t Q(Y) is an isomorphism of categories. 
Proof: First note that in the foregoing section we only used F(K) c Y c 
X(K). If Y is a T.T.-set then these conditions are obviously satisfied. 
Therefore quasi-coherent sheaves on Y extend to quasi-coherent sheaves on Y 
(first to X and then by restriction to Y). The rest of the statement is just 
straightforward verification. 
4. QUASI-COHERENT SHEAVES WITH ISOMORPHIC RESTRICTIONS 
This section deals with the following problem: If R and c I. are quasi- 
coherent on X, when does it happen that H / Y =. I 1 Y. Let us first deal 
with the affine case: 
4.1. LEMMA. Let Y be a generically closed subset of X = Spec(R), where 
R is a Noetherian domain. Let M,.Mz E R-mod: then the following 
statements are equicalent: 
1. fi, / X(K) Z if2 1 X(K), where Y = X(K). 
2. Q,W,) g Q,Wd 
ProoJ The localization morphism jK: M+ Q,(M) induces an 
isomorphism &? 1 X(K) -+ Q,(M)- 1 X( K ) f or each M E R-mod. So 1. implies 2. 
as a consequence of Lemma 2.5. Conversely, QJM,) 2 Q,(M,) yields an 
isomorphism Q,(M,)- z Q,(M?)- while Q,(M,)- ) X(K) = fi, I X(K) for 
i = 1, 2. so this finishes the proof. 
Considering the general case of a generically stable Y in a Noetherian 
scheme X we first note that, if Spec(R) is an afline open in X (R is a 
Noetherian domain) then Y n Spec(R) is generically stable so 
Y n Spec(R) = X(K) for some K. If .M is a quasi-coherent sheaf on X then 
.~X 1 Spec(R) is quasi-coherent on Spec(R), i.e., -X 1 Spec(R) = A? for some R- 
module M. Assigning to each open affine of the form Spec(R) the 
quasicoherent sheaf of modules K(M)- with K as above, defines a quasi- 
coherent sheaf on X which we will denote by K,..,K Indeed, as X is 
separated, open affines intersect in open affines and the compatibility 
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conditions for kernel functors (cf. 191) imply that the K(M)- may be glued 
together as desired. In a similar way we obtain the quasi-coherent sheaf 
Qr(.n) on X by assigning Q,(M)- to open afftnes of the form Spec(R). 
4.2. PROPOSITION. Consider quasi-coherent sheaves .< and kv, on X: 
the following statements are equivalent: 
1. .J 1 YZ.~& 1 Y. 
2. Qy( au;) z Q,4 6:). 
Proof. Easy modification of Lemma 4.1, of which this is the global 
version. 
5. SOME APPLICATIONS 
Recall that the Picard group of any ringed space (X, 0,) is defined in 
terms of isomorphism classes [Yn] of locally free sheaves N of rank one, 
i.e., invertible sheaves. For such a sheaf. #7 there exists another sheaf L I of 
the same type such that .H @ L ( ‘Z O,r. Actually we may take 
. I’* z Horn,,& R, 0,). The set of isomorphism classes of invertible sheaves of 
O,r-modules will be denoted by Pic(X, O,V) or Pit(X) and we may define a 
group structure on Pit(X) by introducing the multiplicaiton IX] . [. I-1 = 
[, .& @ L I -1. Recall further that a coherent sheaf of O,-modules, i 4 say, is 
locally free (of rank n) if and only if for each ,K E X, the O,V.,-module <V is 
free (of rank n). 
Again we assume that X is a Noetherian integral scheme, while Y c X is a 
generically closed subspace. Consider quasi-coherent sheaves X and I 1 on 
N and let H’, . I ” be quasi-coherent sheaves on X such that ,fl/ Y = 4, 
. I “ 1 Y =. I ‘. Since the sheafification functor commutes with the restriction 
functor, it follows that 
Therefore, if. H Or, L I -z 0, then it follows that: 
(- 4’ Ox- “‘) ( Y =, .R 0,. I z 0, = 0, I Y, and the results of foregoing 
sections imply that Q,(M; Ox- V“) z Qy(O,). Q uasi-coherent sheaves of O.,- 
modules d’ such that for some quasi-coherent sheaf c t” we have that 
Q,(.R’ Or.. I “) z Q(0) are said to be KY-invertible sheaves. 
5.1. LEMMA. The set of isomorphism c/uses of KY-closed !c,.-invertible 
sheaves of Ox-modules forms a group Pic(X, K~). 
Proof By definition a K,.-closed ,X is one such that Q,(J) Z .M. The 
multiplication in Pic(X,. K,,) will be given by [&] . [&] = [Q&M, @,y./,)I. 
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The statement follows from straightforward verification: the only crucial 
observation is the fact that for any quasi-coherent sheaves .X and $ of Oy- 
modules we have: Q,.(, / 13,~ Q1-(, I ‘)) 2 Q,.(A @I,~ J”) 2 QJ Q,,(> 6) %I\-, I ). 
This claim may be checked as follows. 
First reduce to the affme case. If U is an open affine of X, say 
U = Spec(R). let Yf? CT = X(K) be the induced subset of Y. Since d and. / 
are quasi-coherent, /r 1 U= ,G. 2 1 CT= .G for some M. NE R-mod and 
then : 
hence 
and 
Similarly 
and 
The proof of the claim now reduces to the verification of: 
Localizing these “desired isomorphisms” at any P E X(K). we see that all 
terms localize to Q, -#I) au, ,(R, QRmP(N). Since the objects are K-closed 
the above isomorphisms exist. 
Note also that it is just as easy to verify that 
[ H] ’ = [ Hom,J. 4 O,,)]. 
5.2. PROPOSITION. Pic(X, K,,) = Pit(Y). 
Proof Straightforward. 
5.3. EXAMPLES. 1. Let YcX be an open subspace. then 
Pit(Y) = Pic(X, K,,). If U = Spec(R) is an open affrne in X then 
Yf? U = U(1) for some ideal I of R. The extensions 13” to X glue together 
well to yield a coherent sheaf .7’ of OX-ideals. We claim that QJLx) = 
I&I,, Hom0,,.(.7,, ./). This may be verified by reduction to the affme case, 
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where Hom,&Z’, J) = (Hom,(Z”, M)) c in combination with the fact that 
!& and - commute. 
2. Consider Y= X”’ the points of codimension one in a normal 
integral scheme X. Then: Pic(X, K~) = Pic(X”‘) = Cl(X). This may be 
checked directly either by observing that the invertible sheaves on X”’ yield 
Cartier divisors, or in a more elementary way by reducing the first equality 
to the affine case, where verification of Pic(R, K,) = Cl(R) for any 
Noetherian integrally closed domain is easy (cf. [ 111 for this). Note that 
reflexive sheaves of rank one modules on X correspond to invertible sheaves 
of modules on X”’ = Y. Consequently, there is a one-to-one correspondence 
between the K~(= Kx,,,)-closed KY-invertible modules on X and the latter 
sheaves. Now this is exactly the intrinsic description of reflexive sheaves 
given by R. Treger in [7]. However, his result in that paper is stated in terms 
of quotient categories obtained by dividing out the Serre subcategory 
consisting of all (quasi) coherent sheaves on X which restrict to 0 over X’“. 
Using the well-known equivalences for kernel functors and localizing 
subcategories it is not hard to convince oneself that both descriptions are 
identical. 
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